Frequency fluctuations in nanomechanical silicon nitride string
  resonators by Sadeghi, Pedram et al.
Frequency fluctuations in nanomechanical silicon nitride string resonators
Pedram Sadeghi,1 Alper Demir,2 Luis Guillermo Villanueva,3 Hendrik Ka¨hler,1 and Silvan Schmid1, ∗
1Institute of Sensor and Actuator Systems, TU Wien, 1040 Vienna, Austria
2Department of Electrical Engineering, Koc¸ University, Istanbul 34450, Turkey
3EPFL-STI-IGM-NEMS, Lausanne, Switzerland
(Dated: September 28, 2020)
High quality factor (Q) nanomechanical resonators have received a lot of attention for sensor applications
with unprecedented sensitivity. Despite the large interest, few investigations into the frequency stability of
high-Q resonators have been reported. Such resonators are characterized by a linewidth significantly smaller
than typically employed measurement bandwidths, which is the opposite regime to what is normally considered
for sensors. Here, the frequency stability of high-Q silicon nitride string resonators is investigated both in
open-loop and closed-loop configurations. The stability is here characterized using the Allan deviation. For
open-loop tracking, it is found that the Allan deviation gets separated into two regimes, one limited by the
thermomechanical noise of the resonator and the other by the detection noise of the optical transduction system.
The point of transition between the two regimes is the resonator response time, which can be shown to have a
linear dependence on Q. Laser power fluctuations from the optical readout is found to present a fundamental
limit to the frequency stability. Finally, for closed-loop measurements, the response time is shown to no longer
be intrinsically limited but instead given by the bandwidth of the closed-loop tracking system. Computed Allan
deviations based on theory are given as well and found to agree well with the measurements. These results are
of importance for the understanding of fundamental limitations of high-Q resonators and their application as
high performance sensors.
I. INTRODUCTION
As the size of a mechanical resonator is minimized, the re-
sponsivity towards changes in the resonator environment is
increased [1, 2]. This has led to a tremendous amount of re-
search in the field of nanomechanical resonators, with devices
being employed to detect mass [3–5], force [6, 7], and tem-
perature [8–11]. Most studies have employed changes in the
resonance frequency f0 as the detection principle.
For sensing applications, the minimum detectable fre-
quency shift δ f is determined by the precision of the reso-
nance frequency measurement scheme. Quantifying any noise
that presents a limit to the frequency stability of a resonator is
thus crucial when designing sensors. Various intrinsic noise
sources influence the stability of a device, including thermo-
mechanical noise [12], adsorption-desorption noise [13], de-
fect motion [14], surface diffusion [15], and damping fluctua-
tions [16]. If the underlying limiting noise source is white, the
average relative frequency noise can be quantified by [12, 17]〈
δ f
f0
〉
≈ 1
2Q
1
SNR
, (1)
where Q is the quality factor and SNR is the signal-to-noise
ratio (ratio of the maximum driven signal to the noise floor).
From equation 1, it is apparent that minimizing the system
noise results in optimal frequency stability. This would im-
ply that thermomechanical noise, arising from a coupling
between the resonator and a thermal bath of randomly dis-
tributed phonons, presents an intrinsic limit to the frequency
stability in the regime where it can be resolved [18–20].
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An important factor when measuring the displacement of
a nanomechanical resonator is the relation between the res-
olution bandwidth (BW) of the readout electronics, typically
on the order of kHz, and the resonance linewidth (Γ) of the
resonator. Most fundamental studies thus far have operated
in the regime where BW  Γ [21]. For high-Q resonators,
Γs on the order of 1 Hz are routinely achieved and can even
be on the order of a few mHz [22, 23]. Various studies have
been published investigating the frequency stability of high-
Q resonators with different conclusions. Fong et al. investi-
gated the frequency and phase noise of high-Q silicon nitride
resonators, and found that frequency fluctuations were a re-
sult of defect motion with a broad distribution of relaxation
times [24]. Furthermore, it was concluded that increasing Q
results in an increased susceptibility to the intrinsic frequency
fluctuations in the sample. Roy et al. reported enhanced fre-
quency stability in resonators made from silicon, when Q is
lowered as the SNR is increased, operating at the onset of
Duffing nonlinearity in a thermomechanically limited regime
[25]. This was attributed to a flattening of the phase noise
spectrum at low frequencies. A thorough theoretical investi-
gation of the same scenario by Demir et al. however found no
Q-dependence of the frequency stability [26].
In this report, we investigate the frequency stability of high-
Q nanomechanical string resonators made from silicon nitride
(SiN). Such resonators routinely achieve large Qs as a result
of the dissipation dilution effect [27–29]. All measurements
are performed in the thermomechanically resolved regime and
BWs on the order of a kHz are chosen similar to previous in-
vestigations. In the first part, open-loop tracking of the fre-
quency is performed using the phase of the resonator and the
Allan deviation is employed to quantify the frequency noise.
As a result of the setup with BW  Γ, both thermomechanical
noise and detection noise of the measurement system are cap-
tured in the Allan deviation. The two regimes are separated at
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2the integration time τ = τr = 1/ (piΓ), which is the response
time of the resonator.
We find that for lower vibrational amplitudes, the resonator
is always thermomechanically limited. At larger amplitudes,
however, the laser power fluctuations of the optical readout
presents a lower limit to the frequency stability. A system-
atic reduction of Q results in faster response times, but the
lower limit from the laser remains regardless of the Q. Fi-
nally, closed-loop measurements are performed, where it can
be shown that τr can be increased through variation of the loop
bandwidth. All Allan deviation measurements are corrobo-
rated by computations based on a theoretical model [26] and
good agreement is observed both for open-loop and closed-
loop.
II. METHODS
A. Measurement setup
The fabrication process of the nanomechanical string res-
onators is provided elsewhere [30]. A schematic of the mea-
surement setup is given in Fig. 1(a). Resonators are actu-
ated using a piezo (NAC2003 from CTS Corporation or a
custom-sized plate of piezo ceramic type PIC252 from PI
Ceramic GmbH) and the out-of-plane motion detected using
a laser-Doppler vibrometer (MSA-500 from Polytec GmbH)
equipped with a helium-neon laser (λ = 633 nm). All mea-
surements are performed in a vacuum chamber at various
pressures, controlled using a needle valve (8LVM-10KF-VV-
A from VACOM). The analog signal of the vibrometer is
sent to a lock-in amplifier (HF2LI from Zurich Instruments)
equipped with a phase-locked loop (PLL), where the fre-
quency stability is investigated.
B. Allan deviation
In this report, the frequency stability is quantified through
the Allan deviation, defined as [31]:
σA (τ) =
√√
1
2 (N − 1)
N−1∑
i=1
 f i+1 − f if0
2, (2)
where N is the number of samples of the resonance frequency
f 1... f N , each averaged over an integration time τ. Measure-
ments of the frequency fluctuations are made either in an
open-loop or closed-loop configuration. For open-loop mea-
surements, the sample is actuated at the resonance frequency
and the phase φ (t) is recorded for a certain amount of time.
Conversion from phase to frequency is then made using the
phase response of the resonator. In the linear driving regime,
the phase shift ∆φ caused by a frequency shift ∆ f close to res-
onance is given as ∆φ ≈ (2Q/ f0) ∆ f [1]. Qs of the resonators
are measured using the ring-down method. In the closed-loop
configuration, the PLL of the lock-in amplifier is employed
to track the frequency f (t) directly. Various harmonics ap-
pearing in the recorded signals, either from the mains supply
FIG. 1. (a) Schematic of the measurement setup. Mechanical vibra-
tions of the string resonator are measured using a commercial laser-
Doppler vibrometer. The sample is placed inside a vacuum chamber
equipped with a needle valve for pressure control and resonances are
actuated using a piezo. (b) Exemplary plot of the square root of the
power spectral density PSD1/2 versus frequency around the funda-
mental resonance, highlighting the two sources of noise: Thermome-
chanical noise Nth and detection noise Nd. The resonance linewidth
Γ and the resolution bandwidth BW are shown as well. (c) Allan
deviation curve showing the limits presented by both noise sources
along with the resonator response time τr = 1/ (piΓ) = Q/ (pi f0). For
longer integration times (τ > τr), the Allan deviation is limited by
thermomechanical noise (green dashed line) and thermal drift, while
detection noise (red dashed line) limits the stability at shorter inte-
gration times (τ < τr).
(<100 Hz), turbomolecular pump (∼1500 Hz), and aliasing
(>2000 Hz), are filtered out during post-processing.
Theory based Allan deviation curves are generated by first
computing the spectrum of fractional frequency fluctuations,
S y ( f ), using experimental data for f0, Q, thermomechani-
cal and detection noise levels, driven vibrational amplitude of
the resonator and the demodulation filter characteristics of the
lock-in amplifier, in conjunction with a theoretical model [26].
Then, the Allan variance (the Allan deviation σA squared) can
be estimated through numerical evaluation of the following in-
tegral:
σ2A (τ) =
2
pi2τ2
∫ +∞
−∞
[
sin (piτ f )
]4
f 2
S y ( f ) d f . (3)
C. Sources of noise
An exemplary scan of the noise of a resonator over a region
of size twice the BW is shown in Fig. 1(b). From this plot,
the two noise sources can be defined: (1) Thermomechanical
noise from the resonator, Nth, and (2) background, or detec-
tion, noise, Nd. How these noise sources manifest themselves
in the Allan deviation can be seen in Fig. 1(c). For this pur-
pose, we define the resonator response time, or time constant,
τr. For integration times τ > τr, σA is mainly limited by ther-
momechanical noise (white-shaded region in Fig. 1(c)). At
3FIG. 2. Effect of varying detection noise on the Allan deviation for open-loop tracking. Experimental Allan deviations were recorded by
varying the vibrometer laser power P between 1.5 µW to 270 µW, while setting the piezo driving voltage U = 5 µV (a), U = 50 µV (b),
and U = 500 µV (c). Corresponding simulated Allan deviations are shown in (d)-(f). Calculations using equation 4 are shown as well with
Nl = Nth (green dashed lines) and Nl = Nd (red-colored dashed lines). Black vertical dashed lines highlight τ = τr. In (c), an Allan deviation
curve corresponding to laser power fluctuations for P = 270 µW is given as well (blue line), which is low-pass filtered during post-processing
at a frequency corresponding to the resonator thermal time constant τth (blue vertical dashed line).
larger τ, however, thermal drift typically increases σA. When
τ < τr, σA falls continuously until limited by background
noise of the system (grey-shaded region in Fig. 1(c)).
The investigated string sample is of length L = 1000 µm,
width w = 6 µm, thickness h = 312 nm, tensile stress
σ = 0.85 GPa, and Q on the order of 105 at high vacuum.
Only the fundamental out-of-plane mode is considered, which
has a resonance frequency f0 = 264 kHz. The BW was set
to 3598 Hz and the sampling rate to 28784 Sa/s. The SNR
is controlled through variation of the vibrometer laser power
P, which decreases detection noise for increasing P, and the
piezo driving voltage U, which increases the vibrational am-
plitude, or signal, for larger U. For the integral given in equa-
tion 3, the white noise asymptote for the Allan deviation can
be shown to be [26]:
σA (τ) =
1
2Q
Nl
A
√
1
τ
. (4)
Here, Nl is the noise level, defined as the square root of the
one-sided noise spectral density (in units of X/
√
Hz) result-
ing from thermomechanical (Nth) or detection (Nd) noise and
A is the peak driven amplitude (in X). X represents units of
voltage, displacement, etc. In the case of thermomechanically
limited noise, the noise level (in m/
√
Hz) is analytically de-
fined as [1]:
Nth =
√
kBTQ
2pi3meff f 30
, (5)
where kB is the Boltzmann constant, T is the temperature, and
meff is the effective mass of the resonator. Calculations of the
Allan deviation based on equation 4 are shown in Fig. 1(c) as
well.
III. RESULTS AND DISCUSSION
A. Influence of signal-to-noise ratio in open-loop configuration
First, the influence of SNR on the Allan deviation is stud-
ied. On the one hand, the detection noise level is controlled
by tuning the laser power of the optical readout. On the other
hand, the vibrational amplitude, the signal, of the nanome-
chanical string is controlled via the piezo driving voltage.
Fig. 2 presents measured and theory-based σA’s for various
SNRs. The vibrational amplitudes measured in the electrical
domain are converted from volts to metres using the decoders
of the vibrometer, and used in theory-based computations of
the Allan deviation. In addition, σA values calculated us-
ing equation 4 are presented as well both for detection noise
limits (red-colored dashed lines) and the thermomechanical
limit (green dashed line). The vertical dashed lines highlight
τ = τr = Q/ (pi f0) = 0.34 s. These measurements are per-
formed under a high vacuum (p ≤ 1 · 10−5 mbar) in order
to keep the Q maximized. In each individual plot, U is kept
fixed, while P is varied from 1.5 µW to 270 µW.
Fig. 2(a)-(c) shows measured σA curves for the cases of
4FIG. 3. Effect of varying vibrational amplitude on the Allan deviation
for open-loop tracking. (a) Measured Allan deviations for varying
piezo driving voltages from U = 5 µV to U = 1.5 mV. (b) Simulated
Allan deviations for the data presented in (a). Red-colored dashed
lines are detection noise limits calculated using equation 4. Black
vertical dashed lines highlight τ = τr.
U = 5 µV, U = 50 µV, and U = 500 µV. For the first case,
U = 5 µV, the resonator is well in the linear regime. The
laser power can be observed to decrease σA in the case of
τ < τr, which is the regime limited by detection noise, while
the thermomechanically limited regime (τ > τr) displays no
reduction. This is to be expected, as only the detection noise
gets altered by the laser power. Thermal drifts appear to play
a larger role for higher laser powers, which will be discussed
further below.
Upon increasing the actuation voltage to U = 50 µV, an
order of magnitude reduction of σA is observed, indicating
that the sample is still in the linear regime. Finally, in the case
of U = 500 µV, the decrease in σA is no longer linear in the
τ > τr regime. In this case, the Allan deviation is no longer
thermomechanically limited and appears to deteriorate with
increasing laser power. Since the sample was still driven in
the linear regime, Duffing nonlinearity can be ruled out as a
limit to frequency stability in our measurements. Instead, the
limit is attributed to laser power fluctuations resulting from
the optical readout.
An additional σA measurement (blue curve) representing
the frequency noise resulting from laser power fluctuations is
plotted in Fig. 2(c). This curve is generated by first measuring
the laser power over time with similar demodulation settings
as for the other curves. The particular measurement shown in
Fig. 2(c) was for a laser power P = 270 µW. Then, the laser
power fluctuations, δP, can be converted to frequency fluctu-
ations using the relative thermal responsivity, δR, of the string
using the relation: 〈δ f / f0〉 = δR · δP. Based on the shift of the
resonance frequency versus laser power, a δR = −0.08 W−1
can be extracted. The frequency response of the resonator to
laser power noise is based on the photothermal heating [32],
and the string resonator acts as a low-pass filter with a time
constant equal to the thermal time constant τth. Hence, during
post-processing, the raw frequency fluctuations data is low-
pass filtered with a pass frequency fpass = 1/(2piτth). The ther-
mal time constant was measured at high vacuum in a similar
way as described by Piller et al. [33]. A blue vertical dashed
line in Fig. 2(c) shows τ = τth for clarity. The blue Allan de-
viation curve due to laser noise explains the increasing slopes
for longer τ’s well. The slight offset can be attributed to sam-
ple or laser aging due to the fact that the laser noise was mea-
sured two years after the Allan deviation data was measured.
These findings strongly support that laser power fluctuations
cause the limit in Allan deviation observed in this study.
Theory based computations corresponding to the measured
data presented above can be seen in Figs. 2(d)-(f) [26]. The
effect of reducing detection noise is well reproduced by the
theory. Since laser power fluctuations are not captured in the
model, thermal drift effects cannot be observed in the com-
puted curves. Hence, in the case of U = 500 µV, the fre-
quency stability for τ > τr is still thermomechanically limited
for the model.
The effect of varying piezo drive from U = 5 µV to
U = 1.5 mV for a fixed laser power P = 17 µW can be seen
in Fig. 3(a). In this case, σA is improved for all τ-values,
since the noise remains unchanged, while the driven signal in-
creases. Initially, a linear dependence on driving amplitude is
observed, but for larger values of U, σA reaches a limit in the
thermomechanical regime and does not reduce further with
increasing U. This hard limit again is attributed to the laser
power fluctuations as observed in Fig. 2(c). Computed Allan
deviation curves based on theory are given in Fig. 3(b), dis-
playing good agreement for lower U-values, but deviate for
larger values due to the fact that the model does not incorpo-
rate laser power fluctuations.
From the data presented in Fig. 2 and Fig. 3, some com-
ments can be made on the Allan deviation in open-loop con-
figuration. In general, thermomechanical noise presents a fun-
damental limit to the frequency stability of nanomechanical
resonators. Even though the Allan deviation for τ < τr is lim-
ited by detection noise, possibly below the thermomechanical
limit, this does not represent the actual performance limit of
the resonant sensor. The resonator itself acts as a filter on the
phase response and thus σA is reduced as a result for τ < τr.
However, the resonator phase can not respond to resonance
frequency shifts at those short time scales [26]. Finally, the
limit of σA appearing for larger drive amplitudes is argued to
5be a result of the optical readout, as discussed in Fig. 2(c).
B. Influence of quality factor in open-loop configuration
The next step is to investigate the influence of the quality
factor on the frequency stability of the resonators in open-
loop configuration. Using a needle valve, the pressure p in
the vacuum chamber is increased from 3 × 10−6 mbar up to
20 mbar, which reduces the quality factor due to gas damping
[34]. Measured and simulated σA curves for various pressures
are shown in Fig. 4. Each curve is recorded for a fixed laser
power and varying drive amplitudes. As a result of large drifts
in the power of the laser over time, a laser power P = 17 µW
was used for the data at p = 3×10−6 mbar, while the maximum
available P = 270 µW was employed at all other pressures,
in order to ensure that the thermomechanical noise could be
resolved. On each measured plot, the pressure at which the
measurement was recorded is given, along with the linewidth
of the resonance.
Experimental σA’s are shown in the left column of
Figs. 4(a)-(e), while theoretical curves are shown in the right
column. A clear shift in the transition region between ther-
momechanical and detection noise limits to lower integration
times can be observed. The point of transition consistently
lies around τ = τr and a linear dependence on Q is found for
this transition time, as is expected from the definition of τr.
Furthermore, as Γ approaches the BW, the frequency stability
is thermomechanically limited for all τ (neglecting thermal
drift). These findings indicate that the response time of a res-
onator is fundamentally limited by the Q in open-loop config-
uration. Similar response times can be found by investigating
the transient response of the phase in open-loop, as presented
in Supplementary Fig. S1. For the measured data shown in
Figs. 4(a)-(e), σA again is limited for long integration times
due to laser power fluctuations as discussed above.
C. Closed-loop tracking
Investigation into the limits of frequency stability and re-
sponse time for closed-loop tracking have also been per-
formed. For these experiments, a PLL is employed to track
the frequency. For the lock-in amplifier used here, an addi-
tional BW, i.e. the PLL loop bandwidth [26], needs to be set,
which is called the target BW (from here on called TBW in
order to distinguish it from the filter BW). This is the band-
width for the entire closed-loop system, and typically smaller
than the BW of the filter in the demodulator. TBW can be
set to a desired value by choosing the controller parameters
appropriately [26]. The effect of varying TBW from 0.25 Hz
to 719.6 Hz on σA is shown based on measurements and the-
ory in Figs. 5(a) and (b), respectively. Similar to the open-
loop measurements, a demodulator filter BW of 3598 Hz is
chosen, while the sampling rate is set to 28784 Sa/s. A σA
curve recorded in open-loop is shown as well for comparison.
In addition, calculations using equation 4 are given both for
thermomechanical and detection noise limits.
FIG. 4. Q-dependence of the frequency stability in open-loop con-
figuration. Measured (left column) and theory based (right column)
Allan deviations for resonance linewidths of 0.67 Hz (a), 3.59 Hz (b),
36.3 Hz (c), 363.6 Hz (d), and 1869 Hz (e). Green and red-colored
dashed lines are calculations using equation 4 for thermomechanical
and detection noise limits, respectively. Black vertical dashed lines
highlight τ = τr.
From the closed-loop data, it can be observed that the
closed-loop response time is determined by the TBW of the
system instead of the intrinsic response time of the resonator,
as opposed to the open-loop measurements. As the TBW is
increased, the point of transition between thermomechanical
and detection noise shifts to lower τ-values. An additional ef-
fect of the PLL is the change in detection noise for different
TBWs, e.g. for the smallest TBW satisfying TBW < Γ, the
detection noise limit is even lower than the one in the open-
loop case. With TBW < Γ, the filtering provided by the loop,
in addition to the filtering by the intrinsic response of the res-
onator and the demodulator filter, reduces the σA of the sys-
tem. However, in this case, the response time of the system is
even slower than the intrinsic τr of the resonator.
Similar to the open-loop Allan deviations, the smaller σA
values for τ less than the system response time are merely
6FIG. 5. Influence of varying phase-locked loop target bandwidth on
the frequency stability. (a) Measured and (b) theory based Allan
deviations for target bandwidths of (from bottom to top): 0.25 Hz,
0.5 Hz, 1 Hz, 2.5 Hz, 5 Hz, 10 Hz, 25 Hz, 50 Hz, and 719.6 Hz. Blue
dotted line is an open-loop measurement. Dashed lines are calcula-
tions using equation 4 for thermomechanical (green) and detection
(red) noise limits.
resulting from the chosen bandwidths for the system relative
to the linewidth of the resonator. As evident from the data
in Fig. 5, σA remains thermomechanically limited for larger
τ, regardless of the TBW. If frequency shifts are happening
at faster time scales in the detection noise limited regime, the
loop will not be able to respond as fast. By increasing the
TBW beyond Γ and much further, the system will be able to
follow faster changes, but at the expense of increased noise.
IV. CONCLUSION
We have presented experimental and theoretical results for
the limitations in frequency stability of high-Q nanomechan-
ical SiN resonators both in open-loop and closed-loop con-
figurations. Through open-loop tracking of the resonator fre-
quency, it was found that the Allan deviation gets separated
into two regimes, one limited by thermomechanical noise
of the resonator and the other by detection noise of the op-
tical transduction scheme. These regimes could be clearly
observed and quantified through variation of both the detec-
tion noise floor and the vibrational amplitude. The point
of transition between the regimes could be characterized as
the response time, τr, of the resonator in the open-loop case.
Through variation of Q, a linear dependence of τr on Q could
be observed. Furthermore, for the open-loop measurements,
laser power fluctuations resulting from the optical readout pre-
sented a lower limit to the Allan deviation at higher inte-
gration times. Finally, closed-loop tracking was investigated
experimentally and theoretically, and it was shown that the
closed-loop scheme can be tailored to offer a faster response at
the expense of increased noise, when compared to the intrin-
sic limits of open-loop tracking. Computed Allan deviations
based on a theoretical model for both open-loop and closed-
loop showed good agreement with measurements. The find-
ings presented here show the limitations of open-loop mea-
surements of the frequency fluctuations and that the method is
inadequate for assessing the frequency stability of high-Q res-
onators. Given that the presented results are not limited to SiN
strings but applicable to all types of high-Q resonators, they
are of interest for future designs of nanomechanical sensors
and fundamental investigations into the ultimate frequency
fluctuation limits of such resonators in general.
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Appendix A: Transient response of phase
The Q-dependence of τr observed in Fig. 4, indirectly
through σA, can also be quantified directly through the re-
sponse of the phase to external stimuli, be it mass, force, or
temperature. In fact, not only the amplitude, but also the phase
of a resonator responds to stimuli with a response time de-
termined by the intrinsic resonator time constant τr [26, 35].
This response can be measured experimentally in open-loop
configuration by varying the piezo drive frequency and seeing
how fast the phase responds, as is shown in Fig. S1 for various
Q-values. The response time was extracted by fitting an expo-
nential decay to the phase data of the type φ (t) = φ0e−t/τr + c.
By varying the piezo drive frequency within the linear phase
regime, a step response could be recorded with an example
given in Fig. S1(a) along with an exponential fit. Fig. S1(b)
shows measured τr versus Q and the results are compared to
values calculated using τr = Q/ (pi f0). Good agreement can
be observed, showing that the phase has a transient response
in open-loop with a Q-dependent response time τr.
7FIG. S1. Transient response of the phase. (a) Extraction of response
times from an exponential fit to the phase change. (b) Dependence
of the resonator time constant τr on the mechanical quality factor
Q as extracted from the exponential fits and calculations using τr =
Q/ (pi f0).
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